Use is made of the Vlasov-Maxwell equations to describe the electron-ion two-stream instability driven by the directed axial motion of a high-intensity ion beam propagating through a stationary population of (unwanted) background electrons. The ion beam is treated as continuous in the z-direction, and the electrons are electrostatically confined in the transverse direction by the space-charge potential produced by the excess ion charge. The analysis is carried out for arbitrary beam intensity, consistent with transverse confinement of the beam particles, and arbitrary fractional charge neutralization by the background electrons. For the case of overlapping step-function ion and electron density profiles, corresponding to monoenergetic electrons and ions in the transverse direction, detailed stability properties are calculated, including the important effects of an axial momentum spread, over a wide range of system parameters for dipole perturbations with azimuthal mode number = 1. The two-stream instability growth rate is found to increase with increasing beam intensity, increasing fractional charge neutralization, and decreasing proximity of the conducting wall. It is shown that Landau damping associated with a modest axial momentum spread of the beam ions and background electrons has a strong stabilizing influence on the instability. 
ranging from basic scientific research, to applications such as spallation neutron sources, tritium production, nuclear waste transmutation, and heavy ion fusion. At the high beam currents and charge densities of practical interest, it is increasingly important to develop an improved theoretical understanding of the influence of the intense self fields produced by the beam space charge and current on detailed equilibrium, stability and transport properties. For a one-component high-intensity beam, considerable progress has been made in describing the self-consistent evolution of the beam distribution function f b (x, p, t) and the self-generated electric and magnetic fields in kinetic analyses [5] [6] [7] [8] [9] based on the VlasovMaxwell equations. In many practical accelerator applications, however, an (unwanted) second charge component is present. For example, a background population of electrons can result by secondary emission when energetic particles strike the chamber wall, or through ionization of background neutral gas by the beam ions. When a second charge component is present, it has been recognized for many years, both in theoretical studies and in experimental observations [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] , that the relative streaming motion of the high-intensity beam particles through the background charge species provides the free energy to drive the classical two-stream instability, appropriately modified to include the effects of dc space charge, relativistic kinematics, transverse beam dynamics, presence of a conducting wall, etc. A well-documented example is the electron-proton (e-p) instability observed in the Proton Storage Ring [16] [17] [18] , although a similar instability also exists for other ion species, including (for example) electron-ion interactions in electron storage rings [19] [20] [21] .
In a recent theoretical calculation 10, 11 that focuses on the moderate-intensity ion beams characteristic of proton linacs and storage rings, we developed a detailed kinetic description of the electron-ion two-stream instability based on the Vlasov-Maxwell equations. While that analysis 10, 11 incorporated the effects of finite transverse geometry and transverse kinetic effects, it neglected the (stabilizing) influence of an axial momentum spread of the interacting charge components. In this paper, building on the techniques developed in this earlier work 10,11 , we examine two-stream stability properties, incorporating the important effects of an axial momentum spread on detailed stability behavior.
The present analysis considers a high-intensity ion beam with distribution function 
where 
where r b is the characteristic beam radius. Consistent with Eq. (6), we approximate (4) and (5), and neglect to leading order the contributions proportional to (∂/∂z)δφ in the linearized versions of Eqs. (2) and (3). Our previous investigations of the electron-ion two-stream instability 10,11 were carried out in the limit of cold beam ions and background electrons in the axial direction, assuming that the phase
where r = (x 2 + y 2 ) 1/2 is the radial distance from the beam axis, the distributions in axial momentum are normalized according to ∞ −∞ dp z G j (p z ) = 1, for j = b, e, and H ⊥b and H ⊥e are the single-particle Hamiltonians defined by
Here, for ∂/∂θ = 0 = ∂/∂z, H ⊥b and H ⊥e are exact single-particle constants of the motion in the equilibrium field configuration, and the constantsψ
are the on-axis (r = 0) values.
There is wide latitude in specifying the functional forms of the equilibrium distribution functions 9-11 . Once F b (H ⊥b ) and F e (H ⊥e ) are specified, however, the equilibrium self-field potentials and density profiles can be calculated self-consistently from Eqs. (4) and (5) with ∂/∂θ = 0 = ∂/∂z. For our purposes here, we specialize to the case of monoenergetic electrons and ions 1,10,11,22
In this case, it is found that the density profiles n (4), (5), and (7)- (9) gives the step-function density profiles n 0 j (r) =n j = const., for 0 ≤ r < r b , and n 0 j (r) = 0 for r b < r ≤ r w , and j = b, e.
Here, the beam radius r b is related to other equilibrium parameters byν For small-amplitude perturbations about general equilibrium distributions,
and G j (p z ), j = b, e, and corresponding self-field potentials, ψ 0 (r) and φ 0 (r), a stability analysis proceeds by linearizing Eqs. (2)- (5). Perturbed quantities are expressed as
, where
, and Imω > 0 is assumed, corresponding to instability (temporal growth).
Here, k z = 2πn/L is the axial wavenumber, where n is an integer, and L is the fundamental axial periodicity length (L = 2πR for a ring, where R is the ring radius). The linearized Vlasov equations are formally integrated by using the method of characteristics 1,10,23 to integrate along the unperturbed trajectories, x ⊥ (t ) and p ⊥ (t ), in the equilibrium field configuration. Some straightforward algebra that makes use of Eqs. (2)- (5) and the assumptions enumerated earlier gives
where (12), and the potential amplitudes,
In Eqs. (11) and (12), τ = t − t is the displaced time variable, and the 'primed' orbits,
x ⊥ (t ) and p ⊥ (t ), in the equilibrium field configuration are assumed 10, 11 to pass through the phase-space point (x ⊥ , p ⊥ ) at time t = t.
The kinetic eigenvalue equations (11)- (14) have a wide range of applicability, and can be used to determine the complex oscillation frequency ω and detailed stability properties for a wide range of system parameters and choices of equilibrium distribution functions
The principal challenge in analyzing Eqs. (11)- (14) is twofold. First, depending on the equilibrium profiles, the transverse orbits x ⊥ (t ) are often difficult to calculate in closed analytical form. Second, once the orbits in the equilibrium fields are determined, the integrations over t in Eqs. (11) and (12) are challenging because the orbits occur explicitly in the arguments of the (yet unknown) eigenfunction amplitudes δφ(x ⊥ ) and δψ(x ⊥ ).
For present purposes, we specialize to the choice of monoenergetic ion and electron distributions in Eq. (9), and the corresponding step-function equilibrium density profiles with n 0 j (r) =n j = const., for 0 ≤ r < r b , and n 0 j (r) = 0, for r b < r ≤ r w . In this case, the transverse ion orbit equation for x ⊥ (t ) can be integrated exactly to give (11)- (14) for the choice of equilibrium distributions in Eq. (9) 10,11
shows that Eqs. (11)- (14) defined by x = r cos θ and y = r sin θ. This class of exact solutions corresponds to surfacewave perturbations in which the perturbed density,
at the beam surface (r = r b ). What is most remarkable is that the orbit integrals over terms proportional to r exp(i θ ) = [x (t ) + iy (t )] occurring in Eqs. (11) and (12) can be evaluated in closed analytical form, and Maxwell's equations (13) and (14) solved exactly inside (0 ≤ r < r b ) and outside (r b < r ≤ r w ) the beam 10, 11 . Enforcing the appropriate boundary conditions on δφ (r) and δψ (r) at r = r b and r = r w then gives a closed dispersion relation for the complex eigenfrequency ω.
Derivation of the kinetic dispersion relation from Eqs. (11)- (14) closely parallels the analysis in Ref. 10 and 11. Without presenting algebraic details, for perturbations with azimuthal mode number and axial wavenumber k z , we obtain the dispersion relation 
for general azimuthal mode number , and (yet unspecified) distribution in axial momentum
In carrying out the integration over p z in Eq. (17), Imω > 0 is assumed 23, 24 .
Equation (16) , with
and G e (p z ) = δ(p z ).
The p z -integration in Eq. (17) can be carried out for a variety of choices of G j (p z ) ranging from a shifted Maxwellian, to a step-function distribution, to a Lorentzian distribution. For analytical simplicity, we consider here the case of Lorentzian distributions with (18) that
, and 0 = ∞ −∞ dp z v z G e (p z ), which corresponds to the beam ions streaming axially through a stationary electron background. Substituting Eq. (18) into Eq. (17) and integrating over p z for Imω > 0 readily gives the simple expression
Here 
whereω 2 pe has been expressed asω
pb . Substituting into Eq. (16) and rearranging terms, the = 1 dispersion relation can be expressed in the compact form
where ω f is defined by
In To illustrate the stabilizing influence of parallel kinetic effects on the two-stream instability, shown in Fig. 2 is plot of (Imω)/ω βb versus (k z − k z0 )/ω βb , obtained from Eq. (21) for the unstable branch for fixed value of the normalized beam intensity,ω 
for (ω, k z ) in the vicinity of (ω 0 , k z0 ). The solution to Eq. (24) 
where ω b , ω e , and ω f are defined in Eqs. (20) and (22) .
In the regimes of practical interest, the right-hand side of Eq. (25) 
